Abstract. We derive several new applications of the concept of sequences of second order cut-off functions on Riemannian manifolds (which we prove to exist on geodesically complete Riemannian manifolds with nonnegative Ricci curvature): In particular, we prove that this existence implies L q -estimates of the gradient, a new density result of smooth compactly supported functions in Sobolev spaces on the whole L q -scale, and a slightly weaker and slightly stronger variant of the conjecture of Braverman, Milatovic and Shubin on the nonnegativity of L 2 -solutions f of (−∆ + 1)f ≥ 0. The latter fact is proved within a new notion of positivity preservation for Riemannian manifolds which is related to stochastic completeness.
Setting and notation
Let M ≡ (M, g) be a connected smooth Riemannian m-manifold without boundary. We will denote the corresponding negative LaplaceBeltrami operator with ∆, the distance function with d(•, •), the open balls with K a (x), x ∈ M, a > 0, and the volume measure with µ(dx) := vol(dx), where we shall often simply write f dµ instead of M f dµ. Let p(•, •, •) denote the minimal positive heat kernel of M, and for any x ∈ M let P x denote the law of a Brownian motion on M issued from x, with ζ the lifetime of paths with explosion on M. 1 We use here the more common normalization that P x is a −∆/2 diffusion (and not a −∆ diffusion).
If E → M is a smooth Hermitian vector bundle, then whenever there is no danger of confusion, we will denote the underlying Hermitian structure simply with (•, •) x , x ∈ M, |•| x := (•, •) x will stand for the corresponding norm and also for the operator norm on E x . Using ν we get the corresponding L q -spaces of sections Γ L q (M, E), whose norms and operator norms are denoted with • q , q ∈ [1, ∞], with •, • the canonical scalar product on Γ L 2 (M, E). The symbol ' †' will denote the formal adjoint with respect to •, • of a smooth linear partial differential operator that acts on some Γ C ∞ c (M, E). For example, we have −∆ = d † d. We equip all smooth tensor type bundles corresponding to TM with their canonical smooth Euclidean structure, where we will freely identify T * M with TM with respect to g. For example, the gradient of some f ∈ C k (M) simply becomes df ∈ Ω 1 C k−1 (M), where we write Ω 1 # (M) = Γ # (M, T * M) for spaces of 1-forms. We let ∇ denote the Levi-Civita connection on M and complexify these data in the sequel.
Main results

2.1.
Cut-off functions. The aim of this paper is to derive several important applications of the following concept: Definition 2.1. We say that M admits a sequence (χ n ) ⊂ C ∞ c (M) of second order cut-off functions, that is, (χ n ) has the following properties:
It is intuitively clear that geodesic completeness cannot be dropped in Theorem 2.2. Ultimately, one has: Theorem 2.2. a) M is geodesically complete, if and only if M admits a sequence (χ n ) ⊂ C ∞ c (M) of first order cut-off functions, meaning that (χ n ) satisfies (C1), (C2), (C3). b) Assume that M is geodesically complete with a nonnegative Ricci curvature. Then M admits a sequence of second order cut-off functions. More precisely, for any sequence (a n ) ⊂ (0, ∞) with a n → ∞ there is a sequence (χ n ) ⊂ C ∞ c (M) with (C1), (C2) and sup
Proof. a) See Proposition 4.1 in [21] for the "only if" part; the other direction is elementary. b) We will combine a highly nontrivial result from Riemannian rigidity theory, with a careful scaling argument. The following result has been extablished by Cheeger/Colding and Wang/Zhu (cf. Lemma 1.4 in [24] , the proof of which is based on arguments from [5] ): There is a constant C(m) > 0, which only depends on m, such that for any O ∈ M and any geodesically complete Riemannian structureg on M with Ricg ≥ 0, there is a function χg = χg ,O ∈ C ∞ (M) which satisfies
(O), and the claim follows from setting χ n := χ gn , where χ gn is chosen with (1), (2) forg = g n .
Let us continue with some remarks on Theorem 2.2. Firstly, the existence of a sequence of second order cut-off functions has only been established so far under the rather restrictive "C ∞ -bounded geometry" assumption on M (cf. Proposition B.3 in [3] ), meaning that M has a positive injectivity radius and all Levi-Civita derivatives of the curvature tensor of M have to be bounded, a result which is thus considerably improved by Theorem 2.2 b) (in the class of M's with nonnegative Ricci curvature). Secondly, we emphasize that a lower bound on the Ricci curvature is enough in Theorem 2.2 b) to guarantee (C4) is rather suprising in the following sense: A canonical explicit approach (see e.g. the proof of Proposition 4.1 in [21] ) for constructing a sequence of cut-off functions is clearly given by mollifying functions of the type f (d(•, O)/n), with n ∈ N, f : R → [0, 1] appropriate, and some fixed O ∈ M. Here, one is ultimately confronted with estimating |∆d(•, O)| away from the cut locus Cut(O) ∪ {O}. Thus, the Laplacian comparison theorem suggests the necessity of both, a lower and an upper bound on the Ricci curvature to get (C4). In this sense, the fact that Theorem 2.2 only requires a lower bound on the Ricci curvature to get (C4) is surprising. Indeed, our proof relied on the highly nontrivial existence of the χg's, which is proved in [24, 5] somewhat implicitely by solving a properly chosen Dirichlet problem on the annulus Kg ,2 (O) \ Kg ,1 (O) and using the maximum principle. As a consequence, one then only has to use the comparison theorem to get a lower bound for ∆gχg. The rest of this paper is devoted to several applications of the concept of sequences of second order cut-off functions (and thus of Theorem 2.2 b), aiming to illustrate the usefulness of this highly global concept: In Section 2.2, we will prove that the existence of such a sequence together with a lower bound on the Ricci curvature implies Gagliardo-Nirenberg type L q -estimates of the gradient. Then in Section 2.3, we are going to prove that 
L
q -properties of the gradient. Let D(m) := (2 + √ m) 2 . We start by proving the following L q -properties of the gradient:
If M admits a sequence of second order cut-off functions and satisfies
Note that the assumptions of Theorem 2.3 on M are satisfied, if M is geodesically complete with a nonnegative Ricci curvature. We will need the following generally valid Gagliardo-Nirenberg type inequality for the proof of Theorem 2.3, which should be of an independent interest:
The proof of Proposition 2.4 relies on Bochner's identity and is implicitely included in the proof of Lemma 2 from [8] , where, being motivated by the Eudlidean situation [16] , this result is used in the context of essential self-adjointness problems corresponding to Schrödinger operators with singular magnetic potentials. The classical references for (3) are [7, 20] .
Proof of Theorem 2.3. We can ssume that Ψ is real-valued. Let (χ n ) be a sequence of second order cut-off functions. We start by observing that (C1), (C2), (C3) imply
so that Fatou's lemma, (C1), (C2) imply
a well-known fact which of course only requires geodesic completeness (cf. Theorem 2.2 a)). Thus, it is sufficient to prove the asserted estimate for dΨ 4 4 . To this end, note that Proposition 2.4 implies the following inequality for each n:
In view of (4), the latter inequality in combination with Fatou's lemma and (C1) shows that the proof is complete, if we can show
The limit relation (6) follows from
using (C4) for the first, (C2), (C3) and (5) for the second, (C1), (C4) and dominated convergence for the third, (C3) and (5) for the fourth, (C1), (C3), (5) and dominated convergence for the fifth, and finally (C1), (C2) and dominated convergence for the sixth term. Finally, (7) follows from (4) and
and dominated convergence, using (C1), (C2), (C3). This completes the proof.
Denseness of C
. This section is devoted to a denseness result for the Sobolev space
, which can be defined as the Banach space given by the closure of
where as usual ∇dΨ will be identified with the Hessian of Ψ. We add:
If above one can pick D q = 0, then we say that M satisfies the strict L q -Calderon-Zygmund inequality.
With this notion at hand, we have:
If M admits a sequence of second order cut-off functions and satisfies the L q -Calderon-Zygmund inequality, then
, the L qCalderon-Zygmund assumption implies that the norm • 2,q is equivalent to the norm
is a sequence of second order cut-off functions, and given a Ψ ∈ C ∞ (M) with Ψ 2,q, ′ < ∞, it is sufficient to prove that χ n Ψ − Ψ 2,q, ′ → 0. Here,
follows from (C1), (C2) and dominated convergence. Next, using
by (C3), (C1), (C2) and dominated convergence. Furthermore, using (8), we get
by (C1), (C2), (C3), (C4) and dominated convergence.
Remark 2.7. 1. If Ric ≥ −C for some C ≥ 0, then M satisfies the L 2 -Calderon-Zygmund inequality, with C 2 = 1, D 2 = C, thus in case q = 2, we recover Theorem 1.1 in [2] within the class of of M's with nonnegative Ricci curvature (noting that the proof of Theorem 1.1 in [2] heavily relies on Hilbert space arguments and thus does not extend directly to general q's). We refer the reader to the monograph [14] for results into this direction on the whole L q -scale.
Being motivated by the Calderon-Zygmund-Vitali technique [4, 25], we conjecture:
If M is geodesically complete with a nonnegative Ricci curvature, then M satisfies the L q -Calderon-Zygmund inequality for all q ∈ [2, ∞).
Corresponding arguments have also been used in [1] in order to derive interpolation results for H 1,q (M).
2.4.
Positivity preservation and the BMS conjecture. We continue with:
be an arbitrary subset. We say that M is C -positivity preserving, if the following implication holds true for any f ∈ C :
The factor 1/2 in (11) is irrelevant in applications (for it can be "scaled away" under typical scale invariant assumptions on M), but will be convenient for our probabilistic considerations. Definition 2.8 is motivated by the work of Braverman, Milatovic and Shubin [3] , where the authors were interested in essential self-adjointness results for Schrödinger operators on Riemannian manifolds. The precise connection is given in Proposition 2.9 a) below, which illustrates Definition 2.8 very well. Let E → M denote an arbitrary smooth Hermitian vector bundle with Hermitian covariant derivative∇, and let V be a Borel section in End(E) → M. If V (x) : E x → E x is self-adjoint for a.e. x ∈ M, we will call V a potential on E. 
Proof. a) This statement is certainly implicitely included in [3] . In fact, it follows immediately from combining the fact that∇
with a variant of Kato's inequality (Theorem 5.7 in [3] ), which states
Note here that (12) holds true for any M. b) The asserted closability follows from Lemma 2.1 in [18] (where the required geodesic completeness is not used), and the other statement can be proved precisely like Theorem 1.3 in [18] , noting that the bounded geometry assumption there is only used to deduce that M is L q (M)-positivity preserving. c) This follows from the fact M is stochastically complete, if and only if any bounded nonnegative solution f on M of (−∆/2 + 1)f = 0 satisfies f ≡ 0 [9] . 
Using Theorem 2.2, we can prove the following variant of the BMSconjecture, where we regard the Ricci curvature as a potential on T * M:
Theorem 2.11. Assume that M admits a sequence of second order cut-off functions and that there is a decomposition
In particular, the conclusions of Proposition 2.9 hold true.
Note, in particular, that the assumptions in Theorem 2.11 on M are satisfied, if M is geodesically complete with a nonnegative Ricci curvature. We will need the generally valid covariant Markoff type result Proposition 2.12 below for the proof (to be precise, for the non-Hilbertian case q ∈ [1, ∞] \ {2}, which has not been considered at all in [3] ; see [19] for a proof that applies to q ∈ (1, ∞)). Define a functioñ
Then we have: Proposition 2.12. Let V be a potential on the smooth Hermitian vector bundle E → M which admits a decomposition
†∇ /2, then the form sum H∇(V ) := H∇(0) ∔ V is a well-defined self-adjoint semibounded from below operator in Γ L 2 (M, E), and for any δ > 1, q ∈ [1, ∞] there is a C(δ, V − , q) > 0 which does not depend on∇ such that for all t ≥ 0, all λ ∈ C with Re(λ) < min C(δ, V − , q), min σ(H∇(V )) , and all k ∈ N one has
Proof. The well-definedness of H∇(V ) is the main result of [10] . Let us recall that a refined version of Khasminskii's lemma (Lemma 3.9 in [12] ) implies that for anyw ∈ K (M) and any δ > 1 there is a C(w, δ) > 0 such that for all t ≥ 0, 
Let us first prove (13) . One has the semigroup domination [11] 
noting that H d (w) is a usual scalar Schrödinger operator of the form −∆/2+w in L 2 (M), since we consider the differential "d" as a covariant derivative on the trivial line bundle over M. Assume first that 1 < q < ∞ and let q * := 1/(1 − 1/q) be the Hölder exponent of q. Then by (16) , the Feynman-Kac formula
and Hölder's inequality we get
which using (15) and M p(t, x, y)µ(dx) ≤ 1 is If q = 1, then we can proceed as follows: Let n K n = M be a relatively compact exhaustion of M. Then we have
where we have used the Feynman-Kac formula and the reversibility of Brownian motion for the equality, and the q = ∞ case for the inequality. Using monotone convergence this implies
and the claim follows from (16) . Finally, in order to see (14) , one now just has to note that by the above, for any complex number λ the integral
Note that we do not have to assume anything on M in Proposition 2.12, which relies on the fact that we consider L q L q smoothing. Of course one needs bounds of the form p(t, x, y) ≤ C(t), if one is interested in L q Lq, 1 ≤ q ≤q ≤ ∞ smoothing results (cf. [11] ). 
Then Ψ is smooth with (−∆/2 + 1)Ψ = φ [9] , and by Theorem 2.12 we have
thus Ψ, ∆Ψ ∈ Lq(M). We will also show later that
which we assume for the moment. Up to (17) , the proof of Theorem 2.11 will be complete, if we can show f (−∆/2 + 1)Ψdµ = lim n→∞ f (−∆/2 + 1)(χ n Ψ)dµ, (18) with (χ n ) a sequence of second order cut-off functions. In order to see (18) , note that it is clear from (C1), (C2) and dominated convergence that f Ψdµ = lim n→∞ f χ n Ψdµ.
Furthermore, using (8) Let us add some comments on Theorem 2.11: The property "C -positivity preservation" and thus also the BMS-conjecture both admit an equivalent formulation which makes sense on an arbitrary local Dirichlet space [22, 17] . On the other hand, the concept of sequences of cut-off functions does not immediately extend to this setting, so that it would be very interesting to find a proof of the fact that geodesic completeness and a nonnegative Ricci curvature imply L q -positivity preservation for any q ∈ [1, ∞] which does not use sequences of cut-off functions. Finally, we would like to remark that Proposition 2.9.c) and Theorem 2.11 combine to a completely new proof of the classical [26] fact that geodesic completeness and a nonnegative Ricci curvature imply stochastic completeness. Note, however, that in the context of stochastic completeness, one can in fact allow certain unbounded negative parts of the Ricci curvature, namely, it is enough [15] to assume that the Ricci curvature is bounded from below in radial direction by a quadratic function of d(•, O) (see also [13, 23] for textbook versions and variations of the latter result).
